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Abstract. Quantum mechanics of classically chaotic systems show drastic changes
when they are coupled to environment. A kicked harmonic oscillator is linearly coupled
to a heat bath via its position. It is found that the effects of the bath is to suppress the
quantum effect of ballistic motion shown by the uncoupled kicked oscillator. In the
asymptotic time regime ballistic dynamics is destroyed and quantum-classical
correspondence is restored. The Wigner distribution picture of the dynamics is adopted.
Sommario. Il comportamento quanto-meccanico di sistemi che sono caotici nel loro
limite classico mostra drastiche variazioni quando questi sono accoppiati all’ambiente.
Un oscillatore armonico calciato quantistico è linearmente accoppiato a un bagno
termico per mezzo della variabile posizione. L’effetto del bagno termico è quello di
sopprimere l’effetto puramente quantistico di trasporto balistico mostrato dal sistema
imperturbato. Per tempi sufficientemente lunghi, il regime balistico viene completa-
mente distrutto e la corrispondenza tra meccanica classica e quantistica viene ristabi-
lita. Per descrivere analiticamente i risultati è stata adottata la distribuzione quantistica
di Wigner.
1. INTRODUCTION
It is generally agreed that quantum mechanics suppresses chaotic classical motion.
The kicked rotator constitutes a prototype system for the investigation of Hamiltonian
chaos. Quantum mechanically, the chaotic nature of the classical dynamics is suppressed
due to localization [1]. Another aspect is that related by the fast deviation of wave packet
dynamics from the classical motion even in the semiclassical limit. It is well known that
for a classical chaotic system the quantum-classical correspondence is broken after a
logarithmic break time   τ h h= ln( / ) / ,I Γ  where Γ is a characteristic Lyapunov exponent
and I is the action variable [2-3]. Nevertheless, when a system that exhibits logarithmic
break time is coupled to a thermal bath, quantum-classical correspondence is restored [4-
6].
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The main objective of the paper is to analyse quantitatively how such restoring
behaviour is resettled for a quantum classically chaotic system when it is coupled to a
classical reservoir. The system analysed is the quantum kicked harmonic oscillator,
QKHO [7]. Because diffusion along the phase space stochastic web, the classical
dynamics is characterised by linear dependence of the energy by the time. Quantum
counterpart of the classical dynamics shows quadratic dependence of the energy by the
time. A coupling of the QKHO with a reservoir change drastically the quadratic
dependence of the energy making indistinct the quantum dynamics from that classical
one. The analysis of the coupled system is performed making use of the Wigner Function,
WF [8].
It is well known that the uncertainty principle makes the concept of phase space in
Quantum Mechanics problematic. Position and momentum of a particle cannot be well
defined simultaneously. To overcome this problem Wigner proposed to translate the
formalism of the Statistical Quantum Mechanics in a classical-like formalism. The
purpose of the appendix A is to clarify the concept of quantum phase space following the
Wigner idea. It has to be noticed, that recently a wide number of papers have shown the
ductility of WF in order to treat physical properties of quantum optical systems, quantum
transport and electron-phonon scattering [8-10].
2. QUANTUM KICKED HARMONIC OSCILLATOR DYNAMICS
The QKHO is a linear oscillator excited by a periodic sequence of δ-pulses, it is
described by the Hamiltonian
(2.1)
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the perturbation takes the name kick because its δ-pulses characteristic. For sufficiently
weak perturbation the dynamics follows the general scenario of non-linear systems. Some
invariant surfaces of the unperturbated system will not be destroyed by the perturbation,
but only continuously deformed. When the resonance condition is reached then the
scenario changes, and chaotic regions occur in proximity of the separatrices of the
unperturbed motion. At the resonance
(2.2) ω π0 0 2T r q= /
(r and q are integers) the effect of the perturbation is particularly strong. The classical
counterpart of Hamiltonian (2.1) shows an unlimited stochastic web with symmetry of
period q [7]. To investigate the properties of the Hamiltonian (2.1) it is convenient to write
the wavefunction between two successive kicks, the n-th and n+1-th. The quantum map
is represented by
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(2.3) ψ ψn nT+ =1 ˆ
where the wavefunction ψ
n+1, ψn are taken just before the n+1-th and n-th kick
respectively, and ˆT  is the Floquet operator
(2.4)
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The quantum map (2.3) can be adequately studied adopting the Wigner quantum
quasi-distribution, which is largely described in appendix A. Equation (2.3) becomes
(2.5) P TP TWn Wn+ +=1 ˆ ˆ
where ˆT +  is the adjoint of ˆT , and PWn  is the WF taken at the n-th kick. Making use of the
definition of WF (see appendix A.5) it is possible obtain the map with the Liouvillian
operator [11]
(2.6)
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where now, the dynamics variable x and p have been taken in account, and J is the Bessel
function of first kind [12].
Let us consider the condition of resonance to which in the classical phase space
corresponds the stochastic web and linear diffusion. To our knowledge, this is the only
condition for which analytical solutions are possible. So, the resonant condition
r/q =1/4 in (2.2) is taken in account. For convenience, we introduce the following
dimensionless variables x′ = k0x, p′=k0/ω0p, and the two parameters α = 2  ε / h  and γ =
k0/ω0. The map (2.6) can be now rewrite as
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where the variables have been write without apex. The quantum suppression of chaos in
QKHO is the ballistic growth of the energy [7]. The physical reason is the tunneling
process between imperturbed tori. In order to quantify this anomalous transport effect we
calculate the moments
(2.8) x P x p dxdp xWn n
2 2∫ =( , )   or  p P x p dxdp pWn n2 2∫ =( , )
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After some tedious algebra reported in appendix B, we obtain the analytical results
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It is evident the quadratic growth of the unperturbed energy in the quantum case
respect to the classical one, where the unperturbed energy varies linearly as a function of
n, (Arnold diffusion [13]). One possible explanation of this difference can be given as
follows [11, 14]. In the quantum case, the accelerated process of transport takes place
because the wave function is non-localised. The non-localised wave function is the
equivalent of the classical stochastic web. Because non-localised nature, the wave-
function reaches the regions of the stochastic web as an effect of quantum fluctuations.
The ballistic behaviour shown by the equations (2.9) and (2.10) would be considered as
a quantum mechanical manifestation of classical chaos. Unusually, quantum superdiffusion
rate is found when initial distribution is located midway between a hyperbolic and elliptic
point.
3. QKHO COUPLED TO THERMAL BATH IN DIFFUSION REGIME
In this section the linear coupling of the KHO with a linear set of harmonic oscillators
(thermal bath) will be considered. Effectively, the harmonic oscillator linearly coupled
to a heat bath consisting of harmonic oscillators is the simplest system for which the
irreversible behaviour can be studied quantitatively on a microscopic basis. Generally,
the fluctuations of an external bath may induce noise. Noise also may emerge from the
interaction with other degree of freedom. The effects of noise on quantum system
classically chaotic are two principle kinds, destruction of coherence and diffusion
process. The dynamics of the coupling of system of interest with a set of harmonic
oscillators has been analysed using the master-equation approach, which is based on a
Markovian treatment of the dynamics [15]. This is the same assumption made by Dittrich
and Graham [16], their model is non-Ohmic in the Caldeira-Leggett sense [17]. It has been
shown that if friction is ignored, then the heat bath has the same effect as that of a
stochastic force. Its autocorrelation function is determined by the bath. For an Ohmic bath
the noise is white at high temperatures. The effect of friction on the long-time dynamical
behaviour has been shown to be negligible in the case of nondissipative coupling [18]. In
the case of weak dissipative coupling a phenomenological Fokker-Plack treatment of the
damping process is sufficient [19]. This last observation is to be elaborated in this paper
in order to quantify the effect of white noise on the QKHO.
It is possible to quantify the effect of the bath on the system of interest considering two
different time scale. The time scale of the bath is fast, i.e., the oscillators describing the
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bath are instantaneously in equilibrium, while the system of interest shows a slow
dynamics, i.e., a time scale more large respect to the bath time scale. If the time scales are
so different, it is possible apply a projection on the infinite degree of freedom of the bath,
this projection reduce the complexity of the bath to a noise source, namely an environmental
fluctuations. The projection technique adopted is the Zwanzig technique [20].
The total Hamiltonian system of interest coupled to the bath is given by
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The quantum map for the WF is given by
(3.2)
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Now we are in the position to eliminate the bath dynamic variables. The Zwanzig
projection method makes the equation of motion of the WF independent from the bath
variables, which effect the system of interest as a noise source. The WF resulting from
the projection technique is a reduced distribution containing only the system of interest
variables. To apply the Zwanzig projection technique we consider the following projection
operators
(3.3) P Tr Q PBeq B••• = { } = −ρ           1
where ρBeq. is thermal bath distribution taken at equilibrium. The P operator and its
complementary Q permit to write the map for the reduced Wigner Function as
(3.4) ρ ρ ρWn i i Wn i i m Wn m i i
m
n
x p q p PLP x p q p PL QL P x p q p+ −
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1
( , ; , ) ( , ; , ) ( ) ( , ; , ) 
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where
(3.5)
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and
(3.6)
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In equations (3.5) and (3.6) the Kick operator commutes with the other operators and
can be separated, moreover the kick operator commutes also with the projection operator
P. The other term in the equation (4.6) gives an evolution equation of motion for the
quantum map Fokker-Planck like [19]
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we have to mention the fact that the equation (3.7) is obtained from the Haake-Reibold
phenomenological approach and it is valid in the asymptotic time region for a weak
dissipative coupling of the QKHO with a white noise source. If the friction term is considered
small Γ <<1, i.e., the high temperature regime is taken in account, the dissipation term in
the Fokker-Planck-like in the equation (3.7) can be simplified as follows
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where the following change has been effected p′ = k0/ω0p   q′ = k0x  and the primes omitted,
the diffusion parameter is now given by the relation  ∆ = 2ΓkBTk20/ω30.
We are now in the position to value the unperturbed energy (2.8) in the case of
coupling of the QKHO with the white noise source. The algebra treatment of the second
momentum of the p-variable is reported in appendix C, here we consider only the result.
After large n-kicks we have:
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Equation (3.9) says that the unperturbed energy varies linearly as a function of time.
The quantum diffusive coefficient is simply rescaled respect the correspondent classical
value.
4. CONCLUSIONS
A quantum kicked harmonic oscillator has been linearly coupled to a heat bath via its
position. The Wigner picture of the dynamics has been adopted. It is found that the effects
of the bath is to suppress the quantum effect of ballistic motion shown by the uncoupled
kicked oscillator. In the asymptotic time regime the ballistic is destroyed and quantum-
classical correspondence is restored.
Generally, the harmonic oscillator linearly coupled to a heat bath consisting of
harmonic oscillators is the simplest system for which the irreversible behaviour can be
studied quantitatively on a microscopic basis. The fluctuations of an external bath may
induce noise. The effects of noise on quantum system classically chaotic are two principle
kinds, destruction of coherence and diffusion process. The dynamics of the quantum
kicked harmonic oscillator coupled with a set of harmonic oscillators has been analysed
using the master-equation approach, which is based on a Markovian treatment of the
dynamics. It has been shown that if friction is ignored, then the heat bath has the same
effect as that of a stochastic force. For an Ohmic bath the noise is white at high
temperatures. The effect of friction on the long-time dynamical behaviour has been
shown to be negligible in the case of nondissipative coupling. In the case of weak
dissipative coupling a phenomenological Fokker-Plack treatment of the damping process
is sufficient. This last observation has been elaborated in this paper in order to quantify
how the white noise destroys the ballistic behaviour of uncoupled kicked oscillator,
restoring quantum-classical correspondence.
APPENDIX A. WIGNER FUNCTION DISTRIBUTION
It was found by Wigner that the quantum expectation value of an observable can be
represented as the statistical average of a corresponding classical physical quantity with
respect to a certain distribution function on phase space [8]. One of the most remarkable
features in the phase-space representation theories is that they do not contain any kinds
of matrices or operators but to deal only with complex numbers. A quantum statistical
ensemble is characterised by an Hermitian unitary trace operator called density matrix.
If Â is any observable of the quantum system, its average will be
(A.1) ˆ ˆ( ) ˆA Tr t A= { }ρ
where Tr is the symbol of trace, while the time evolution of the density matrix  is ˆ( )ρ t
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(A.2)
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In classical mechanics the average of a function of the position and momentum
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where P(q, p) is a phase space distribution. The Wigner Function, WF, permits to write
the average of a quantum operator in a classical form like described by the relation
(A.4) ˆ ˆ ˆ ( , ) ( , )A Tr A dq dpA q p P q pWquant = { } = ∫∫ρ
where A(q,p) can be derived from the correspondent quantum operator Â by a well defined
correspondence rule, and P
w
 is the WF defined by the equation
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and its equation of motion is the same of equation (2.2) that now is rewritten in term of
the Liouvillian operator as
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where the first term on the right side of (A.8) is due to the kinetic contribute while in the
second term appears the potential function.
An important consequence of equation (A.6) is that the average value for the
observable Â becomes
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(A.9) ˆ( ) ( , ) ( , ; )A t dq dpA q p e P q pLt W= ∫∫ 0
A relevant property of WF which will be applied when dissipation energy has to be
calculated is described following the usual procedure of the statistical mechanics, it is
possible define a dynamical operator for the correspondent function associated to the
observable Â
(A.10) ∂∂t A q p t A q p t( , ; ) ( , ; )= Γ
so that solving the differential equation (A.10) we obtain
(A.11) e A q p P q p dqdp A q p e P q p dqdpt W Lt WΓ ( , ) ( , ; ) ( , ) ( , ; )0 0= ∫∫
where the Liouvillian operator L is simply the adjoint operator of Γ respect the usual scalar
product in the Hilbert space.
APPENDIX B. ANALYTICAL EVALUATION OF EQUATION (2.8)
Let us consider the supplementary resonant condition γ = 2πl, where l = 0, ± 1, ± 2,
…, to my knowledge this is also the only condition to obtain analytical expressions. The
choice of r/q =1/4 suggests to consider the four steps map [11]
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with R is the operator which represents a rotation of π/2 in the phase space, and K
represents the effect of the δ-pulse. Because the following identity
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the four step quantum map can be written in terms of the only kick operator as
(B.4) P x p P x pWn Wn+ =4 1 2 3 4( , ) ( , )K K K K
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where the kick operators are defined by the relation
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The relation (B.5) shows that the kick operator is obtained like a rotation of mπ/2,
since the R operator is the generator of rotations. The map (B.4) can be further on
simplified making a suitable choice of the initial condition of the quantum distribution as
(B.6a) ρWn Wnx p P x p( , ) ( , )= 2    n even
(B.6b) ρWn Wnx p P x p( , ) ( , )= − −2    n odd
(B.6c) ρW W Wx p P x p P x p0 0 0( , ) ( , ) ( , )= = − −
After the introduction of the initial conditions (B.6a-c) and the relation (B.5), the map
(B.4) can be simplified as
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We note that the operators K1 and K2 commute if γ = 2πl, with l ∈ Z is respected
(B.10) [ , ]K K1 2 0=
In terms of the new Wigner Function the map (B.4) is finally formally expressed as
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The equations (2.9-10) follows straightforward when (B.11) is inserted in (2.8). The
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relation of Bessel function is considered [12]
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APPENDIX C. DERIVATION OF EQUATION (3.9)
The map (4.8) can be changed in a four-time map considering the resonance condition
and the period taken as T0 = π/2. The Fokker-Planck term can be simplified again, splitting
the rotation term from the properly diffusion term. The split is possible applying the rules
of operator algebra [15]. The results is
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The four-time map is now written as
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Let us consider the square momentum of the position
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The effects of the adjoint operator on q2 are the following
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where in the (C.6b-c) the relation has been considered
(C.7) e dqdp e D O D O q p e eiq
n
iq
W
n iq
n
±
+
±
+ −
− ±= [ ] =∫4 1 2 2ρ π( , ) /∆
the map is now
(C.8)
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4 2
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2
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−
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π γ α γα
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π
π π
∆ ∆
∆ ∆
/
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The equation (3.9) is directly obtained after the calculation of sinusoidal expression
making use of (C.7).
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